Abstract. Let E be an elliptic curve with good reduction at a fixed odd prime p and K an imaginary quadratic field where p splits. We give a growth estimate for the Mordell-Weil rank of E over finite extensions inside the Z 2 pextension of K.
Introduction
One fundamental question in the arithmetic of elliptic curves is to determine the Mordell-Weil rank of its rational points in a number field. While this question is hard, one can hope to answer a similar question in p-adic families of number fields: How does the Mordell-Weil rank grow in the finite layers of the maximal p-unramified extension of a given number field F ? When F is abelian over Q, works of Kato [Ka04] and Rohrlich [Ro84] show that the rank is bounded in the the cyclotomic Z p -extension, i.e. the Z p -extension contained in n F (ζ p n ). Thus, an answer to the question is "It stays bounded" when F = Q.
The purpose of this article is to shed some light on the next simplest case, when F is an imaginary quadratic field K. Such a K can have Z p -extensions in which the Mordell-Weil rank may be unbounded. In fact, Mazur formulated a precise conjecture in the case of ordinary primes p, the [Ma83, Growth Number Conjecture]. The Mordell-Weil rank at the nth layer of a Z p -extension of K is known to be of the form ap n + O(1), i.e. is governed mainly by an integer a, the growth number. The conjecture gives a recipe to choose a ∈ {0, 1, 2} and predicts that a = 0 unless the Z p -extension one is scrutinizing is the anticyclotomic one. (The theorem of Kato-Rohrlich above is an instance for a = 0.) In work towards this conjecture, the theorems of Cornut and Vatsal [Co02, Va03] combined with Bertolini's thesis [Be95] give scenarios in which a = 1 along anticyclotomic Z p -extensions, so that in particular the Mordell-Weil rank is not bounded. See also Bertolini [Be97] for a more precise growth pattern of the rank. For a counterpart to Bertolini's result in the a p = 0 case, see [LV] . In the case where E has complex multiplication by K, we remark that the growth patterns for the ordinary and the supersingular case, as stated in [Gr, discussion after Theorem 1.8], are different.
In this article, we develop methods to bound the Mordell-Weil rank in all subfields contained in the maximal p-unframified extension of K. The main innovation is that we present methods for both the ordinary and the supersingular case. Theorem 1.1. Let E be an elliptic curve over Q, K an imaginary field along which an odd prime p coprime to the conductor of E splits. Let K n be the subfield of the Z 2 p -extension of K so that Gal(K n /K) ∼ = (Z/p n Z) 2 . Then rank E(K n ) = O(p n ).
We may thus speak of a "2-dimensional growth number" that governs the rank of E(K n ) as one climbs along the two-dimensional tower of the Z 2 p -extension of K.
One strategy for proving a theorem like this is to employ a Control Theorem. The idea of controlling, going back to Mazur, is the following: The p ∞ -Selmer group Sel p (E/K n ) at finite level should be controlled by easier Selmer groups at infinite level K ∞ . We succeed in following this strategy in the cases p ∤ a p (i.e. p is ordinary) or a p = 0 (which is a subcase of the supersingular case p | a p ) by applying control theorems by Greenberg (p ∤ a p ) and Kim (a p = 0), which generalize theorems of Mazur and Kobayashi concerning the cyclotomic Z p -extension, and combine them with a general growth lemma of Harris.
However, when p | a p = 0, there is no general control theorem available, so we combine partial controlling with a different strategy. Recall that the idea behind the control theorem was to control the Selmer group at finite level via Selmer groups at the infinite level. Present technology does not allow us to do this, but we are able to control a quotient X 0 n , the fine Selmer group (more precisely its dual), of the Selmer group dual X n . We deduce from this control theorem that the Z p -rank of X 0 n is O(p n ). We thus have reduced the problem to showing that the Z p -rank of the kernel Y n of the quotient map by relating them to the Z p -ranks of the local modules that contain the defining conditions of Y ′ n . We can break these local modules into (isotypical) components by a lemma of Cuoco and Monsky, and find that the rank of each component is c(p n+1 − p n ), where the possibilities for c are c = 0, 1, or 2. The crucial step in this paper is to show that among these isotypical components in question, c = 1 or c = 2 happens only finitely many times, in fact a number of times that is bounded independently of n. Thus, the jump in ranks sums up to at most C(p n+1 − p n ) for a constant 1 C independent of n, giving the estimate rk Zp Y ′ n Cp n . We accomplish this crucial step by showing that the localized Iwasawa cohomology vanishes -i.e. lies inside the Selmer condition -if and only if it connects to a zero of a p-adic power series via pairs of Coleman maps Col ♯ and Col ♭ and a certain two by two matrix (the logarithm matrix). The localized Iwasawa cohomology vanishes when c = 0, while there can only be finitely many zeros of the power series it connects to. Therefore, we can have c = 0 only a finite number of times.
Outlook. 
Setup and notation
Throughout this article, p is a fixed odd prime, E is an elliptic curve defined over Q with good reduction at p and the Tate module of E at p will be denoted by T . We also fix an imaginary quadratic field K over which p splits, i.e. (p) = pq with p = q. We fix embeddings Q ֒→ C and Q ֒→ C p so that p lands inside the maximal ideal of O Cp .
Given an ideal a in the ring of integers of K, we denote by K(a) its ray class field. Let K ∞ be the Z 2 p -extension of Z p and write Γ = Gal(K ∞ /K). If n ≥ 0 is an integer, we write Γ n = Γ p n and
Note that Γ ∼ = G p × G q , where G ⋆ denotes the Galois group of the extension
We fix topological generators γ p and γ q for these groups. The Iwasawa algebra Λ := Z p [[Γ]] may be identified with the power series ring
. Given a Λ-module M , we shall write M ∨ for its Pontryagin dual. We will employ the following theorem a number of times throughout the article.
Theorem 2.1. Let M be a finitely generated Λ-module of rank r. Then,
Proof. This is a special case of [Ha00, Theorem 1.10].
We assume throughout that there are only finitely many primes of K ∞ lying over p. Let p t be the number of primes above p and q. We fix a choice of coset representatives γ 1 , . . . , γ p t and δ 1 , . . . , δ p t for Γ/Γ p and Γ/Γ q respectively, where Γ ⋆ denotes the decomposition group of ⋆ in Γ.
For an integer n ≥ 1, we define ω n (X) := (1 + X) p n − 1, and the cyclotomic polynomial Φ n (X) := ω n (X) ω n−1 (X) .
We also define
The ordinary case
In this section, we assume that E has good ordinary reduction at p and we study the Mordell-Weil ranks of E over K n as n varies. The result is probably well known amongst experts. Nonetheless, we present the proof here to illustrate the divergence of the techniques employed in the supersingular case from the ordinary case.
Given an algebraic extension F of Q, the p-Selmer group of E over F is defined to be
where v runs through all places of F in the product. The Selmer group over K ∞ satisfies the following control theorem.
Theorem 3.1. Let E/Q be an elliptic curve with good ordinary reduction at p. For an integer n ≥, let s n denote the restriction map
Then, both ker(s n ) and coker(s n ) are finite.
Proof. This is a special case of [Gr03, Theorem 2].
Theorem 3.2. Let E/Q be an elliptic curve with good ordinary reduction at p. Then,
Proof. Let us first show that the dual Selmer group Sel p (E/K ∞ ) ∨ is torsion over Λ. Let K cyc /K be the cyclotomic Z p -extension of K and write Γ cyc and H cyc for the Galois groups Gal(K cyc /K) and Gal(K ∞ /K cyc ) respectively. Note that to show
where Q cyc denotes the cyclotomic Z p -extension of Q and E (K) denotes the quadratic twist of E by K.
∨ is Λ-torsion as claimed. We may now combine Theorems 2.1 and 3.1 to deduce that
hence the result.
The a p = 0 case
LetÊ denote the formal group attached to E over Z p . Let P be a fixed prime of K(p ∞ ) lying above p. By an abuse of notation, we denote the prime L ∩ P again by P whenever L is a sub-extension of K(p ∞ )/K. For non-negative integers m and
n, Generalizing Kobayashi's work in [Ko03] , Kim defined in [Ki14] the following groups
where
• ∈ {+, −}, then we have the signed Selmer group over K n given by:
We have a similar definition for Sel 
have bounded kernel and cokernel as n varies.
Proof. This is [Ki14, Proposition 2.19] with f = 1 and m = n. Note that there is an Lemma 4.2. Let n ≥ 0 and P|p a prime of K n above p. We write
where ⋆ ∈ {p, q} is the prime of K lying below P. Furthermore, we write 
Proof. It follows from the definition of E 
Then, the all horizontal and vertical sequences of the following commutative diagram are exact:
Furthermore, the cokernel of the last map on all horizontal and vertical sequences are finite.
Note in particular that
Proof. This follows from the same proof of [Ko03, Proposition 10.1].
Theorem 4.4. Let E/Q be an elliptic curve with good supersingular reduction at p and a p = 0. Then,
for n ≫ 0.
Proof. Proposition 4.3 implies that
Theorem 4.1 allows us to rewrite the right-hand side as
which is bounded by
Under the same notation of the proof of Theorem 3.2, by [LP18, proof of Proposition 8.4], there is an isomorphism of
The two Selmer groups on the right-hand side are both
∨ is Λ-torsion and we are done by Theorem 2.1.
The general supersingular case
In this section, E is supposed to be an elliptic curve with good supersingular at p and a p = 0. In particular, a p = ±p.
5.1. ♯/♭-Coleman maps and local properties. Let F ∞ and k cyc be the unramified Z p -extension and the Z p -cyclotomic extension of Q p respectively. Let k ∞ be the compositum of F ∞ and k cyc . For n ≥ 0, k n and F n denotes the sub-extensions of k ∞ and F ∞ such that [k n :
where γ is a fixed topological generator of Γ cyc and σ is the arithmetic Frobenius.
We recall from [Sp12, LLZ10] that for • ∈ {♯, ♭}, there is a Coleman map Col
where ω is a basis of Fil 0 D cris (T ), M log is the logarithmic matrix defined as
As shown in [BL17, §2.3], we may take inverse limits of the Coleman maps over F n to define two-variable versions of these maps, decomposing the two-variable big logarithm map of Loeffler-Zerbes in [LZ14] 
where L : Let F = F m · k n for some integers m and n. The Coleman maps can be used to study Bloch-Kato's Selmer condition over F , which is commonly denoted by H 1 f (F, T ). Note that in the case of elliptic curves, there is an isomorphism H 1 f (F, T ) ∼ =Ê(MF ), whereÊ denotes the formal group attached to E at p and M F denotes the maximal ideal of the ring of integers of F (c.f. [BK90, Example 3.11]). 
vanishes at η, where H ♯,n and H ♭,n are given by the entries of the first row of
where ε(η −1 ) denotes the ε-factor of η −1 and Φ is the operator on F m ⊗ D cris (T ) which act as σ on F m and ϕ on D cris (T ). Hence, e η · z lies inside e η · H 
If we combine this with (1), we have
Recall from the definition of C n that the second row of C n (η) vanishes as η sends γ to a primitive p n -th root of unity. Consequently, the expression above simplifies to (2) and we are done.
5.2. ♯/♭-Selmer groups. Recall that γ 1 , . . . , γ p t is a chosen set of coset representatives of Γ/Γ p . This gives the following decomposition
Note that we may identify K p with Q p and Γ p with Γ p . We define the ♯/♭-Coleman maps at p by
For • ∈ {♯, ♭}, we define
to be the orthogonal complement of ker Col p,• under local Tate duality. Similarly, we may define Col q,• and E
• q in the same way. Remark 5.2. The embeddings we fixed at the beginning mean that when we localize at p, the Galois group G p is sent to Γ cyc , whereas G q is sent to Γ ur . We may choose our topological generators so that γ p and γ q are sent to γ and σ respectively. When we localize at q, the images as reversed.
Let N be the conductor of E and let S be the set of primes dividing pN . Given a number field F , we write H 1 S (F, −) for the Galois cohomology of the Galois group of the maximal algebraic extension of F that is unramified outside S. Recall that the classical p-Selmer group over K ∞ is defined to be
We define four ♯/♭-Selmer groups (3)
We shall from now on assume the following hypothesis holds.
(H.tor) At least one of the four Selmer groups Sel
These Selmer groups can be linked to certain 2-variable p-adic L-functions constructed in [Le14] . When the latter is non-zero, then (H.tor) holds (see [CCSS17, §3.4 
]).
These Selmer groups generalize the signed Selmer groups of Kim. However, we do not know whether an analogue for Proposition 4.3 holds for these Selmer groups. Consequently, we cannot generalize the proof of Theorem 4.4 directly to this setting. Instead, we make use of ideas from [Sp13, LLZ17] to estimate the ranks of E over
be the strict Selmer group over K ∞ . We recall the Poitiou-Tate exact sequence
Lemma 5.3. Under the hypothesis (H.tor), the Iwasawa module Sel
Proof. The torsionness of Sel
∨ follows from that of Sel 
We shall denote this determinant by det Col •• (c 1 ∧ c 2 ) from now on.
5.3.
Classical Selmer groups and Coleman maps. In this subsection, we relate modified Selmer-type groups to Coleman maps. The following cohomology groups were introduced when studying the growth of Sha in [Ko03] and [Sp13] : For n ≥ 0, we define
We also define the X 0 n and X n to be the Pontryagin dual of the strict Selmer group Sel 0 p (E/K n ) and the classical Selmer group Sel p (E/K n ) respectively. Then, we have the Poitou-Tate exact sequence over K n gives the following exact sequence: 
Proof. We first show that the strict Selmer group satisfy a control theorem. Consider the following commutative diagram (5)
where the vertical maps are restriction maps, the product on the first row runs over all places v n of K n , whereas that on the second row runs over all places w of K ∞ . By definitions, both rows are exact. Note that E(K ∞,w )[p ∞ ] = 0 for all places w of K ∞ such that w|p (c.f. [KO18, Proposition 3.1]). Therefore, γ vn is an isomorphism for all v n |p by the inflation-restriction exact sequence. Similarly, β n is also an isomorphism. If v n ∤ p, then the proof of [Gr03, Theorem 2] tells us that ker γ vn is finite of bounded order (see also [Ki14, Proposition 2.19]). Therefore, on applying the snake lemma to (5), we deduce that ker α n and coker α n are finite and of orders bounded independently of n.
Lemma 5.3 tells us that X 0 n is Λ-torsion. Hence, Theorem 2.1, together with the control theorem above imply that
as required.
Therefore, in order to study rank Zp X n , it is enough to study rank Zp Y n . Furthermore, there is a natural surjection
for all n ≥ 0 and we are reduced to estimate rank Zp Y ′ n . We shall do so via the ♯/♭-Coleman maps. Let us first recall the following calculations from [CM81] . We shall write W = µ p ∞ × µ p ∞ . Given w ∈ W , o(w) denotes the least integer r such that w p r = (1, 1). Given w = (w 1 , w 2 ) ∈ W , we shall write
If F ∈ Λ, we may evaluate F at w in the following way. We may rewrite F as a power series in γ p − 1 and γ q − 1, say F 0 (γ p − 1, γ q − 1). Then, we define Proof. This is an immediate consequence of [CM81, Lemma 2.7], which says that the kernel and cokernel of the morphism M Γn → w M w are both finite.
From now on, we fix two elements c 1 , c 2 of
Corollary 5.7. Let n ≥ 0 be an integer. Then,
where the direct sum runs over conjugacy classes of characters on Γ n+1 that do not factor through Γ n .
Proof. Note that Y ′ n is a quotient of
locp,n(c1),locp,n(c2) . Therefore, the inequality follows from Lemma 5.6 and the fact that the functor M → M w for w = (w 1 , w 2 ) ∈ W is given by M → e η · M , where θ is the character on Γ that sends γ p and γ q to w 1 and w 2 respectively.
Let θ be a character of Γ of conductor p r+1 q s+1 . When restricted to Γ p , Remark 5.2 tells us that the character θ gives a character on Γ p (resp. Γ q ) whose cyclotomic part is of conductor p r+1 (resp. p s+1 ). The element in (2) then leads us to introduce the following notation. For ⋆ ∈ {p, q}, z ∈ H 1 (K ⋆ , T ⊗ Λ) and t ≥ 0, we write
where H ⋆,♯,t and H ⋆,♭,t are the entries of the first row in the matrix obtained from replacing γ by γ ⋆ in the product C t · · · C 1 .
Lemma 5.8. Let θ be a character of Γ of conductor p r+1 q s+1 . Then if θ is a character on Γ of conductor p r+1 q s+1 . If θ factors through Γ n but not θ n−1 , then either r or s equals n.
If Sel •• (E/K ∞ ) ∨ is Λ-torsion, then Remark 5.4 says that det Col •• (c 1 ∧ c 2 ) = 0. Therefore, (H.tor) ensures that when r, s ≫ 0, at least one of the four determinants det Col •• (c 1 ∧ c 2 )(θ) does not vanish. We may therefore apply Proposition 5.12, which tells us that for r, s, |r − s| ≫ 0, the non-zero summands of the four-term sum have distinct p-adic valuations.
In short, there exists a fixed integer n 0 (independent of n), such that if det Col r,s (c 1 ∧ c 2 )(θ) = 0, then r, s, |r − s| ≤ n 0 . If either r or s equals n, then the number of such (r, s) is clearly bounded. Hence we are done.
We can now give the following bound on rank Zp Y ′ n . Proposition 5.14. rank Zp Y ′ n = O(p n ).
Proof. Lemma 5.8 tells us that
where C n is the number of characters θ that factor through Γ n but not Γ n−1 and that det Col r,s (c 1 ∧ c 2 )(θ) = 0. Corollary 5.13 says that there exists a constant C such that C n ≤ C for all n. On summing the above inequality over n, we have
